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b = [ fydx (2-44)
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b(r) =3 ¢(r) (2-45)

SF($) =0 < iSF(qﬁe) ~0 (2-46)
W) =0 S W ($)=0 (2-47)
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** Local numbering
 Global numbering
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¢1€ _ ¢map(e,l) :|:¢3} |:Klel Kfz:|,{¢map(€al)}:{ble:| 2-49
|:¢2e:| |:¢map(e,2):| ¢4 - Klez K262 ¢map(912) bze ( )

oo oS ogar (6 la80 ey 1o Ll oles 4 1, ple olodl i e 0,5 map(es) ab brppl 4o
39 ol e adg plSin 50 Canlce —ols Hlis T Sy alesg 4 1) T Gl o0 45— @l cnlasS
548 1y slalme sloala, ad sogas Jolso olsisn s cul b 25d (606 gam Jole sl 5
OlFes 2 05 S5 e b Sl ol wdgi layss enledl 05 sao by &I oS Ll

N, N,

S KA 1=161 = > {K°]-map([]) =[5} = [K1[$] =[] (2-50)

=1 =1

Q
Q

7 e. & . \ig . . é. & W et
o yLadl 6)9‘&"'?' 5= 9 FEM IS Wi, 31 slael a5y WP b S astie sy Je

o PR

define Ne as number of elements

define N as number of nodes

define Elements as struct
{
int nodel;
int node2;

} with Ne elements;

define [K] as N*N matrix
define [b] as N*I matrix
Initialize; // Zeroing [K] and [b] elements

26
Pseudo-code
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// Main loop

for e=1Ito Ne

{
compute [Ke]; // 2*2 matrix

compute [be]; // 2*1 matrix

fori=Ito2
forj=1to 2
K(map(e,i),map(e,]))+=Ke(ij);
fori=Ito2

b(map(e,i)+=be(i),

int map(e,i)

{
if (i==1)

return Elements[e].nodel ;
if (i==2)

return Elements[e].node2;
/

Sipo bl Jloe! (P-Y-Y
LSS gwl bl dlas cgipe Ll ials e Conl ' g3y0 Ll slls PDE alliwe o

e B 50 iS4 5 (T e Ll b Lo cslallas iz 2 S sl 1 09 aalssy

7 Boundary Condition
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* surface
*® Impedance Boundary Condition
3! Absorbing Boundary Condition (A.B.C.)
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Aoz 45 s o0 o o009 Jeol 5l ol s s 1,8 samline b il L5555 0 bopd 07 5 q o9

Dgd oo Yo $ip by ggi pl A bygye

(2-54)

Q =L

F(¢)=%j{ (—fj - By }dx jf¢dx+[ s —qqﬂ

byt (5 2l ais (28 S i B S Y 50 b nl Jlael sl azmis 0

e 99 5o Sl 18 saa) oLl o ) L5eS (65

(2-55)

e=l j=I e=l j=

FUNY (9)) = ]+[y[ﬁi¢ N%x)}z (iicp Ne(x)ﬂ

x=L
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F({N}T{qs})=[...]+[;y[_2¢,”1v7 (x)j q[qu;vN,.N (x)j]

(2-56)

x=L

2

6F<{N}T{¢}>=5[...]+6[;y[2¢,”1v7<x)j q[_zqs;vN,-N(x)ﬂ =0 (2-57)

x=L

adg leslp 1, [6°] ¢ [K] M‘))BT Cowdds 8 slacwend jo a5 cunlalex e gl ales

by g5 om0 &S Heb il oliwl by s8Iy

=0 (2-58)

BDB.M)LSA ezNe 45‘5>Le‘.~>| uLQJ‘)iA W‘GLS ),M.?u '. 64\79.».: uLo-b C'AMJ)Q LQULQJ‘WLS‘)J AME

o ol o

> [K“1@1-[61+| 7 D ;" N (x)- Ny (x) = ¢.N,* (X)}

0. > =0 (2-59)
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§7F=[KE][¢]—[bE]+[y¢§’f —g]=0 (2-61)

il Cos i 08 e ales sl 5o Ll soliT az s e Ol nl Jlesl b g

{K;V,N :KN,N +y (2-62)
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W(@y) = jj{ - +ﬁ¢w}.dx—fffw.dx+(—agwj =0 )

x=0
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dx dx
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xell,

=[q—y¢* (2-64)

xell,

e 92 eleS o0 SIS sl b

W) =[]+[p-aW] . +[—a%w} (2-65)
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K+ 1K) 10, = ) (2-68)
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3 Prescribed
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7 Symmetry
¥ Dominate Diagonal Coefficient
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[x]¢]=A[B]¢] (2-78)

Kml ¢1+Km2¢2++a¢ ++K ¢ :}“[Bml ¢1++Bmm ¢m ++an ¢n]

m mn n

(2-79)
g Olgd as

51 = zAmi ) ¢i (2-80)
i=l1

i#m

52 = ZBmi '¢i
i=1

Cenls pales g af, <<l &S b a ¢, ~0 a5 oS oo 28 ol (Ola s o Al o)ls ygas

B, <<1=B, ¢, =0

mm

= 5, = A5, (2-81)
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Cond(A) = |A[-[A7] = ﬁ& (2-87)
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3 Natural norm
40 Infinite norm
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¢ =cond(K) (2-100)
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s>t—log,(c) (2-101)
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DVolews )
=V, (@@ )V (x.0)+ B, y)p(x.y) = f(x.)
v-24.+%:
ox oy -
Qc R’ (2-102)
q5|F =P (Dirichlet Boundary Condition)

(a (x, y)V¢).ﬁ + 7/d)|r =¢q (Cauchy Boundary Condition)
r+I,=0I (Boundary of Domain)

Ol 40,8 pla ) (eoite (punblineg 2SIl hlus Glgs oo cenlie glo el by Sl b LS wiile oS

el 15 S50 4 Seibils S allas oS, Ui
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¢ =P  (On Conductors) (2-103)
0

—=0 (On Plane of Symmetry)
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¢ =H.(x.y)

1
a(xay) :8_

B =k,
% =0 (Neumann B.C.)
onlp.

TE(H.): (2-104)

o g

$=E.(x,))
1
O‘(an’) =
TM(E.): H, (2-105)
B=ke,
¢|. =0 (Dirichlet B.C.)
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975 Wload aidgi (anrY Ll ogate & azlie 4 Wlg e Fuke Obudg slp S o0 o
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F(¢)=%<L¢,¢>—<f,¢>
L=-V,-(aV,¢)+pB

(2-106)
U N NS K SO A f

F(p)= —% [[V.-(@v ghds+ % [[ Bgoas—[[ 1 ds (2-107)
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* First Scalar Green’s Theorem
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“aV, WV b)+u(V,a)-(Vb)dS = j;au ?dl“ (First Scalar Green's Theorem) (2-108)
o n

r

eslaiul bpi 4 Jg canl ool 7)lae (gaman cb> gl slakaly s aS cal oY aSSepl S9
onl ol jo el )85 s adaly cpl aS ols las lgs oo (Solw as—as iy ya5 a1 llas-V, g5l 5]

wyu‘}"sﬁJbﬂb\-\MLLSA‘)?M‘)?G;J‘)iu“ﬁMwﬁgw‘)TJiMi]ﬂ")
F@) = ([[[av.¢" - V.gds + B’ |d “ds— g0 % ar 2-109
@)= [[le¥ 9V pds+ poo’ Jds— [[ 13" ds ——¢9'a—". (2-109)
Q Q T n
(S 0,5 oS (S9S 5 ye g alzm 0 e e 90 A g e 1) 00 59, JKN 4 by e ales

. 0¢ . 0¢ ., 09
$o aa.dl“:j;(ﬁ aa.dnid) ol (2-110)
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)l (SSen 59

(@vo)i+ |, =g q::;)(qub)ﬁhn - —yqb‘rn Q-111)
s (3 s

F($) = % jgj v 87 - p.ds + Boo” |ds - jQ [ fods+ % iyd)qﬁ*.df (2-112)
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F($)= % I} [a|th5|2 + /3|¢|2]ds ~[[r8"as + % §rigf ar (2-113)

e Hlo &5 oy o0 ) Sl 5 JSE AV A0S L Bl b (ool pl @S 558 ST 45
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F(qﬁ):g{o{[%jz (aﬁj ]+ﬁ¢ }ds—”fqﬁ ds +— §y¢ dr (2-114)
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F(qﬁ)=g{o{[%jz (ad)j ]+ﬁq§ }ds—”fqﬁ ds+§( 79? —qqﬁ] (2-115)
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R(x,y)=-V,-(aV.$)+Bo— f (2-116)

\a & . e .. .. . .
D ogb ey Dygeo A sl 59 00ileldl g

W)= [[R@)-y.ds=0=W@y)=[[[-V,-(aV ol +Boy - frlds =0  (2-117)
1y g s S oolil pols 8 Ceand a5 Slbensgi ples b )5 ISl ol abal, 51 S
W) = [[la(V9):- (Vw)+ o - sl + fay L ar (2-118)
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pise we o Oleganr Y (S wlg jleslinul L) legewly &b bl 13 ozren

BN =THN ) B Pl =Y SN ) = N1} (2-119)

nlesl O)g0 udy JSS (59 5l oY e o (B S milgi e

Alia lall JF-Y (S

Xy
e e

X, W
L) (2-120)
XN
X,

X3 Vs

1

2

. area(AP23
Ni(x,y) = 22eatBL2)
area(A123)

—_ = = | = = =

N | —

1 XN
2
_area(AP13)

X
= L (2-121)
area(A123)

XN
X, WM

X3 V3

N;(x,y)

2

—_—
—_ = = | = = =
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1 XN

B Xy W

_area(AP12)
area(A123)

N3 (x,») (2-122)

XN
X, W

X3 Vs

1
2

[y [y [y [y [y [y
[
o

ls GLAGLAS 55 55 Sjge 4 Gl o8 (b 0 &S

Ni(x,y)= ﬁ(af +bfx+cfy) 1=1,23

A = area(A123)

(2-123)
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3% Scalar elements

35 Node elements

3¢ Vector elements
" Edge elements

¥ Whitney Elements
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Ni(x;,9;) =6, (2-124)
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(2-126)
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(2-127)
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P =3 f
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“Whenever a system becomes
completely defined, some damn
fool discovers something which
either aéo[zs/ies the systen or pow Juad
expands it beyond recognition.
-Murphy’s Law
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VX(LVXE}—ICESI‘E =0

AXE=0 onI'; (Perfect Electric Conductor) (3-3)
AxVxE=(7-E)=0 on I', (Perfect Magnetic Conductor)
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F(E)= E<LE,E> (3-4)
il 25 S5O e 55l

L=V X(ij_kjg, (3-5)

F(E)= % j j j {v x(iw E] E —kjg,E-E*}dv (3-6)

giss by oS )l alal,

[[[lu(v xa)-(Vxb)—a-(Vx @V xb)ldv = ffu(axV xb)-h.ds (3-7)
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e a-(bxe)=b-(cxa)=c-(axb) g o aal, 6,55 4 Les b

[E* x (V xE)]. n=-n-(VxE)XE") = jkmoa-(HxE") = jkn,E" - (Aix H) (3-9)

[E"x (Y B)| it = (VX E)- (Ax E) == jkegn, H - (Ax E") (3-10)
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F(E)=~[[[{~=(Vx E)-(Vx EY ~Ks,E - E" dv (3-11)
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e — Volume(P234)
" Volume(1234)
N - Volume(P134)
> Volume(1234)
N = Volume(P124)
> Volume(1234)
Ne = Volume(P123)
* Volume(1234)

(3.24)
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d°(x,y,z)=a+bx+cy+d‘z (3-25)
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N/ (x,y,2)=—— o (a +bix+c/y+d, ) (3-36)
555 legly e le Slowle ol Fosle el wilgi po a5 ol colss Gls &b ol o b3 9
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Various Boundary conditions
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“To err is human, but to really

screw things up requires a .
e Pl Jnad

computet.
-Murphy Law
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A

/ 2 Tetrahedral | Nodes
1 (1,2,3,6)
2 (1,4,3,8)
3 (8,5,6,1)
4 (8,7,6,3)
5 (6,3,1,9)

— -

O ¥
(2)

tetrahedral® 4 Jubivae S andi_V_F (84
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e 095 50578 S e 7s)lez Ll B by 4 ]y (T aS plos S eslinl (L5, 5l Ll s e
30 0ads S Hledl B 0,8 o Canl (S aS ol Jdo 4wl sl ools ylid S o udatiie S
oo S5l ales (o1 odle sl a4l i baglall Sl plaST e egsy ojled cadly S S

Matas S50 50 5 |y sl eads oy ol 5l i o5 (s o

Glagal b calize (ialesl 50 5 Lol gl canl IXIXT oo zgo sis dlos o sialo] sl

Mode No. | Exact | Experiment 1 | Experiment 2
N =625 N=1331
TE,,, 4.442 | 4.598 (3.5%) | 4.490 (1.08%)
TE,,, 4.442 | 4.598 (3.5%) | 4.490 (1.08%)
™, 4.442 | 4.598 (3.5%) | 4.490 (1.08%)
TE,,, 5.420 | 5.751 (6.1%) | 5.526 (1.95%)
™, 5.420 | 5.801 (7.03%) | 5.545 (2.3%)
TE,,, 7.025 | 7.556 (7.5%) | 7.159 (1.9%)
TE,,, 7.025 | 7.556 (7.5%) | 7.159 (1.9%)
TE,,, 7.025 | 7.556 (7.5%) | 7.159 (1.9%)

1x1x1 oo gloue -Y-F Jgu

ARV A lio 380

o b K 5 [27] ) 4S st Sl slaguly zili cJaab ) 0 B ualie 4as
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Comparision between exact and FEM experiments.

kO (m™1)

MAdn~e KA

Ix1x1 caSo gl duw o —Y-F ISCS
S las ) 5w gslead (o a5 Sl olee S slaad el sad alis Lialejl o 0 a5 N (sous
eatia i 3 lade wies mhw g9, 2 a5 ol a5 wies golil ax 0 ¥ glls dao 55l plas
St SleMbl wloas Laa> e Sle 40 g el o lag)] Ba> (glp W d g3y ol boadyl
ot o e o8 BB cBs Ll bgul & pines e G Ll Jsor 5o Giales]
095 Suoy sl lade iz Seal @ 4z b ocnl s whad Jao s @ 55 16 slan
ol J38 B i g S5 o 4y il

g0 ey gl i e 1X0.5X0.75 slayl b Lbatecs xSo (55, (gom iales]

5 Degenerate
? Singular
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Mode No. | Exact | Experiment 1 | Experiment 2
N =625 N=1331
TE,,, 5.236 | 5.470 (4.4%) | 5.276 (0.76%)
™, 7.025 | 7.265 (3.4%) | 7.067 (0.59%)
TE,,, 7.531 | 7.798 (3.5%) | 7.596 (0.86%)
TE,,, 7.531 | 8.35(10.8%) | 7.702 (2.27%)
™, 8.179 | 8.654 (5.8%) | 8.275 (1.17%)
TE,,, 8.179 | 8.713 (6.5%) | 8.299 (1.46%)
™, 8.886 | 8.718 (-1.8%) | 8.302 (-6.5%)
TE,, 8.947 | 9.669 (8%) 9.048 (1.13%)
1x0.5%0.75 Jubasms casSco glocke —Y'—F Jgu
" Comparision between exact and FEM experiments.

4 5
Modes No

1x0.5x0.75 Jdaivwo cSzo (50 Lo s b -F-F JCis

Jgaz o 1y g lagladl slows ales 5l 380 Sledbl .diogy po Jio Cawys Siulosl g0 opl (gan e
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Al gl g UL _F_F JS

1
Tetrahedral | Nodes
4 2 0 1 (09 l 3233)
2 (1 ’273’4)
3 (1,4,3,5)

YA plad Jg A i V¥ UK
tetrahedral

90 mll oS oo Aunlis Sl slaclg> L 1, FEM Slgwl iz glacds b i odg b
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Mode No. | Exact | Experiment 1 Experiment 2
N =846 N=1661

™, 2.405 | 2.399 (-0.25%) | 2.434 (1.2%)
TE,,, 3.641 | 3.552 (-2.44%) | 3.527 (-3.13%)
™, 3.831 | 3.860 (0.76%) | 3.772 (-1.54%)
™, 3.956 | 3.944 (-0.303%) | 3.922 (-0.86%)
TE,,, 4.382 | 4.436 (1.23%) | 4.323 (-1.35%)
™, 4.954 | 4.98 (0.5%) 4.551 (-8.13%)
TE,,, 4.954 | 4.99 (0.7%) 5.017 (1.27%)

) elai,l g slads b dilgiwl (gvow —0-F Jgu

5.5

Comparision between exact and FEM experiments for cylinderical cavity.

4 5
Modes No

518 A giad s -4-F JS
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Tetrahedral | Nodes

1 (0,1,2,3)

2 (+,),3,4)
Tetrahedral | Nodes
1 (1a,2a,3a,1b)
2 (1b,2b,3b,2a)
3 (3b,2a,3a,1b)




Do oo ) Jgoa 0 1, Lolesls as plesls plsl ol toles! 13 il

Mode No. | Exact | Experiment 1 | Experiment 2
N=401 N=1093
™, 2.744 | 2.55 (-7.1%) | 2.50 (-8.7%)
™, 2.744 | 2.83 (3.1%) | 2.86 (4.3%)
™, 3.870 | 3.26 (-15.7%) | 3.08 (-20.4%)
™, 3.870 | 3.28 (-15.2%) | 3.21 (-17%)
™,,, 3.870 | 3.90 (0.77%) | 3.72 (-3.9%)
TE,,, 4.493 | 4.21 (-6.3%) | 4.04 (-10%)
TE,,, 4.493 | 4.27 (-4.9%) | 4.06 (-9.6%)
Veled @08 Glove -V-F oo
Yool V ol
6 S IS PP NEW:
20 10 ¢ slcwns
10 10 0 clocons
1093 401 6,5 olaws
5760 2000 bl slass
3279x3279 1203 e yile o5l
! ! S
4.02(-4.0%) | 3.87 (-7.6%) | oot 08 o 5 pi>

b3l bylpd ~A-F Jgux
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comparision between exact and FEM results
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Some people manage by the
ook, even though they don't g Juad

now who wrote the book, or
ven what book,
-Murphy Law
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"A human being is a part of a whole, called by us universe, a
part limited in time and space. He experiences himself, his
thoughts and feelings as something separated from the rest...a
kind of optical delusion of his consciousness. This delusion is a
kind of prison for us, restricting us to our personal desires and
to affection for a few persons nearest to us. Our task must be
to free ourselves from this prison by widening our circle of
compassion to embrace all living creatures and the whole of
nature in its beauty."

-A. Einstein
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