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Abstract

We analyze the rate of convergence of the estimation error in regularized least-squares regression when the
data is exponentially S-mixing. The results are proven under the assumption that the metric entropy of the
balls in the chosen function space grows at most polynomially. In order to prove our main result, we also
derive a relative deviation concentration inequality for S-mixing processes, which might be of independent
interest. The other major techniques that we use are the independent-blocks technique and the peeling
device. An interesting aspect of our analysis is that in order to obtain fast rates we have to make the
block sizes dependent on the layer of peeling. With this approach, up to a logarithmic factor, we recover
the optimal minimax rates available for the i.i.d. case. In particular, our rate asymptotically matches the
optimal rate of convergence when the regression function belongs to a Sobolev space.
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1. Introduction

Our main goal in this work is to study the convergence rate of regularized least-squares regression when
the covariates of the input form an exponentially S-mixing random process. Our main motivation is that
the usual assumption on the independence of the input data fails to hold in a number of important practical
applications. Possible relaxations of this assumption have been considered in both the statistics and machine
learning communities for a long time, under assumptions of various generality. A particularly widely-used
set of assumptions concerns the mizing rate of the input process (cf. Doukhan [1], Yu [2], Vidyasagar [3]).

The popularity of studying learning under mixing conditions is partly due to that many stochastic
processes with temporal dependence are mixing. For instance, Mokkadem [4] shows that certain ARMA
processes can be modeled as an exponentially S-mixing stochastic process, the notion that we shall also
use in this paper. More generally, globally exponentially stable “unforced” dynamical systems subjected to
finite-variance continuous density input noise give rise to exponentially -mixing Markov processes [5]. This
class encompasses many dynamical systems common in the system identification and adaptive control. As
the final example, the geometric ergodicity of a strictly stationary Markov chain implies exponentially (or
faster) decaying S-mixing coefficients [6, Theorem 3.7].

Even though some research papers consider learning in a mixing setting, only a few of them consider
regularized empirical risk minimization. In particular, Xu and Chen [7] study this problem in reproducing
kernel Hilbert spaces (RKHS) when the input is an exponentially strongly (or, a-)mixing stationary se-
quence. Under an assumption similar to our metric entropy condition, they prove bounds on the estimation
error. However, their bounds are suboptimal (even in the asymptotic sense), unless the input process is
independent. Steinwart et al. [8] show consistency when the squared loss is replaced by more general loss
functions under relaxed conditions on the input sequence. In particular, they relax the notion of mixing and
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they also drop the stationarity assumption. However, they leave results concerning rates of convergence for
future work. Sun and Wu [9] replace the metric entropy condition of Xu and Chen [7] by an assumption
that requires that L,j,m is square integrable with respect to the (common) distribution of the covariates p,
where K is the chosen kernel, Ly , is the corresponding integral operator and m is the unknown regression
function. Their rates, however, are not better (and sometimes worse) than those obtained by Xu and Chen
[7]. Mohri and Rostamizadeh [10] consider a stability-based analysis. They first derive general bounds for
stable algorithms for ¢ and S-mixing processes. As a corollary, they derive bounds on the estimation error
for regularization empirical risk-minimization over RKHSs when the input is a ¢-mixing stationary sequence,
with the mixing coefficient decaying at a super-linear algebraic rate.

Let us now turn to the formulation of our main results. Let D,, = ((Xl, Y1),..., (Xn, Yn)) be the input,
where X; € X and Y; € [-L, L] (L > 0) are random variables, and X is a measurable subset of a Polish
space. We shall assume that ((X,Y:))i=12,.. is a stationary exponentially S-mixing stochastic process
(the precise definitions will given in Section 2.1). Let m : X — R be the underlying regression function
m(x) = E[Y;|X; = ], and p denote the common distribution underlying (X;). Let

£(m, i) = /X () — () P de) 1)

be the risk associated with the estimate i : X — R. Consider the regularized (or penalized) least-squares
estimate m,,

1 n

My, = argmin ¢ — F(X) =Yil24+ M\ J2(f) »

s {n SIS =i 4 A ()
L if () > L,

M (x) = Tpmy,(z) =< m,  if — L <my,(z) <L, (2)
—L if My (x) < =L,

where F is a suitable space of measurable real-valued functions with domain X', J is the so-called regular-
ization functional (or simply regularizer or penalizer), A, > 0 is the regularization coefficient, and 77, is the
truncation operator.

There are various possibilities to choose the function space F and the regularizer J. For example, if
X = (0,1) and J2(f) = [|f*)(z)|?dx for k > 1, the minimizer of (2) belongs to F = C¥(R), the space
of k-times differentiable functions, and is in particular, will be an appropriately-defined spline function.
More generally, when X is an open subset of R¢, for some k& > 2d one may choose the regularizer J2(f)
to be the sum of the squared L?-norms of the function’s k*" weak derivatives. In this case F becomes the
Sobolev-space W*(R9) (= {f : X = R : J%(f) < oo}). Even more generally, one may pick F as an RKHS
defined on domain X and J2(f) = ||f ||?_[, where ||-||,, is the underlying inner-product norm of 7. Note
that in all these cases (2) leads to a computationally tractable convex optimization problem, thanks to the
representer theorem [11, 12]. For more information about the RKHS-based approach to machine learning
the reader is referred to the books by Scholkopf and Smola [13], Shawe-Taylor and Cristianini [14], Steinwart
and Christmann [15].

The main contributions of this paper are as follows: First, we prove a relative deviation concentration
inequality for empirical processes, generalizing Theorem 2 of Kohler [16] from the i.i.d. processes to expo-
nentially S-mixing, stationary stochastic processes. Next, we apply this result to the analysis of regularized
least-squares regression. Under the assumptions that the true regression function belongs to the function
space F and the input is a stationary, exponentially S-mixing sequence, and some other standard technical
assumptions, we then derive a high-probability upper bound on the estimation error of this procedure. The
main result shows that, e.g., for the previously mentioned Sobolev space, with an appropriate choice of the
regularizer, the rate becomes the same as the optimal rate known to hold in the case when the inputs are
ii.d. random variables. The main techniques that we use are the independent-block technique [2, 17] and
the peeling device [18]. To get fast rates, we have to vary the size of independent blocks according to the
layer of peeling.



Figure 1: The structure of the block construction.

2. Definitions

The purpose of this section is to collect some definitions that we shall need later. Let N be the set of
positive natural numbers and Ny = N U {0}. For a random variable U we shall use £(U) to denote its
probability law. For real numbers a and b, their maximum is denoted by a V b. The norm ||-|| shall stand
for the 2-norm of vectors.

2.1. Mixing Processes

In what follows, unless otherwise stated, we let Z denote a Polish space. Let (Z;)=1,2,... be a Z-valued
stochastic process. Let oy = 0(Z1,...,7Z;) and 02+k =0(Z14ky Zitkt1, - - ), Where 0(Z;,, Ziy, . .., Z;,,) is the
o-algebra for the collection (Z;,, Zi,, ..., Zi, ).

Definition 1 (3-mixing). The k"™ B-mizing coefficient for (Z;)i=1..... is defined as

Br=sup E | sup |P(Blo;) — P(B)|
>1 BEo’er

The process (Zt)i=1,2,... is said to be 3-mixing if By kf—oo> 0. Further, we say that (Z)i=12,..., is exponentially
B-mizing process if for some constants By > 0 and $1 > 0, we have By < Boexp(—p1k).

2.2. Independent Blocks

Fix a positive natural number n € N. In what follows we will need a partitioning of the set {1,2,...,n}
determined by the choice of an integral block length a,,. The partition will have 2u,, blocks with integral
length a, such that n — 2a,, < 2una, <n and a “residual block”:

Hi={i:2(j —Da,+1<i<(2j —1)an}, (“head”)
Ty ={i:(2j — Dan +1 < i< 2jan}, (“tail”)
R ={2unan,+1,...,n}, (“residual”)

for 1 < j < py. Note that |R| < 2a,. Also, let H = Ui<j<u, H;. See Figure 1 for the illustration of this
construction.

Consider some sequence (2;);=1,2,.... We shall adopt the following conventions: For a subset S of the
natural numbers N, z(S) shall denote the ordered list (z;);es. When S is the interval {é,i + 1,...,5} for
i < j, we shall also use z;.; = z(S). Also, for j € N we shall use z; = (z1,...,2;). These definitions are
appropriately extended to the case when (z;) is defined only for some subset of N.

Let us now introduce the independent blocks (IB) underlying a Z-valued stationary, stochastic process
(Zt)t=1,2,...- Fix n and consider (H;)i<j<y, as defined above for some (ay, ttr). Take a sequence of random
variables Z'(H) = (Z! : i € H) such that 1) Z'(H) is independent of Z,, and 2) the blocks (Z'(H;) : j =
1,..., uyn) are independent, identically distributed and each block has the same distribution as a block from
the original sequence, i.e.,

L(Z/(Hj)) = L(Z(H;)) = L(Z(H1)), j=1,... pin.

We refer to Z'(H) as the (pun, ay)-independent block sequence underlying Z,,.
The following lemma, which we shall need later, upper bounds the difference between the expectation of
functions of Z(H) and Z'(H).



Lemma 1 (Yu [2], Lemma 4.1). For any measurable function h : Z%#» — R, we have
E [h(Z(H)) = h(Z'(H))] < ||l (= 1)Ba, -

Note that Yu only states this lemma for real-valued random variables. Since the extension to Z-valued
random variables is trivial, its proof is omitted.

2.3. Function Spaces

Let F be some space of measurable real-valued functions with a domain Z. In order to avoid measurability
problems in the case of uncountable collections of functions, throughout this work we will assume that the
class F of functions is permissible in the sense of Pollard [19, Appendix C]. This mild measurability condition
is satisfied for most classes of functions considered in practice.

Let us now define a derived function space F and some empirical norms associated to F and F. Fix
n and let (an,pn) and (H; : 1 < j < p,) be as in the previous section. For f € F, define the function

f:Z 5 Rby
Fza) =3 (20,
=1

and let F = {f : f € F}. Now, fix a Z-valued sequence (2;);—1 2, . We equip the spaces F and F with the
respective empirical norms |-, ~and ”‘Hz(Hw )

1712, = 23 P, Q
=1
2 ENRIR
17 = 0 PE(H))). (W
It

In what follows, when Z,, is clear from the context, by a slight abuse of notation we shall use the
abbreviations f(Hj) = f(Z(H,)) and f(H}) = f(Z'(Hj)).

Let M = (M,d) be a pseudo-metric space.! The covering numbers of a totally bounded subset B of
M are defined for any positive ¢ > 0 as follows: The covering number N'(g, B,d) is the smallest number
of closed d-balls of M that cover B. For a function space G with [—M, M]-valued functions and common
domain S, the empirical (¢2-)covering numbers with respect to a finite sequence s1., € S™ are defined as the
covering numbers associated with the pseudo-metric ||-||, , where this pseudo-metric is defined as in (3).
We denote these covering numbers by N(e, G, s1.,). Note that this definition can be applied to both the
pairs (F, [|-]|, ) and (F, ||-||£(H1:Mn)) and gives rise to the empirical covering numbers Na(e, F, ||-]|,, ) and

Na(e, F, ||f||z(H1:,L ))- The logarithm of the covering number is called the metric entropy.

3. Relative Deviation Concentration Inequality

In this section, we prove a general concentration inequality valid for stationary S-mixing random processes
(Theorem 4). The result is an extension of Kohler [16, Theorem 2] and Gyorfi et al. [20, Theorem 19.3].
The proof uses the independent block technique. We start with two technical lemmas.

Lemma 2 (Relative Deviation Inequality). Consider a Z-valued, stationary, [-mizing sequence Z =
(Zt)t=1,2,... and a permissible class F of real-valued functions f with domain Z. Assume that sup ez || flloo <

M for some M > 0. Firn € N and e,n > 0. Let Z'(H) be a (pn,ay,)-independent blocks sequence with a
residual block R satisfying @ < %. Then,

P {Sup i f(Z) ~ lE[f(Z)]‘ >€} <o {
fer

n+|E[f(Z)]]
LA pseudo-metric d satisfies all properties of a metric except that d(z,y) = 0 does not imply that = = y.
4

| J) — B 7))
rer| T am+ E[F(H] ]

2
> 35} + 2ﬁanﬂn-




Proof. Let P denote the probability that we wish to bound. Pick any f € F. By the stationarity of Z, the
triangle inequality, and the definition of f we get

i(Z?zlf(Zi)n]E[f(Z)])‘< (Z“” f( i)~ unE[f(Hl)D‘

(Z“W f( ) pnlE [JF(Tl)]) '

n+IEf(2)]] B [f(H))]| —[E[f(T)] |
%(ZjeR f(Z;) = IRIE[f(Z)])
n+IE[f(2)]] '
2MIR| il

Since || f|loo < M, the third term is not larger than o Now, using ‘Rl < & We get that this term is
not larger than /3. Noting that due to the stationarity of Z, the first two terms are identically distributed,

so we get

7 “"1 f( j) = [f(HD)])| ¢
P<2P <
. {?22 ZEFE)]] 3
2a, £
= 1f( ) = B [f(HD)]) | 2
=2P< su — .
Eg n%+m[<ﬂ\ |>3}
Since by construction 2“" < , P can further be bounded by

Ly () - E[fH)]|
m{ﬁ? aw + [E [J(HD] | |>3}'

Let us now apply Lemma 1 to bound this probability using the independent blocks sequence Z'(H). For
this, choose h to be the indicator function of the event

;Ln Hnl f( ) [fT( )}
anmn + |]E [ ] |

L
3

sup

feF

Then, ||h]|o < 1. Therefore, Lemma 1 and £(Z'(H)) = L(Z(H;)) gives the bound

L f(H)) —E [f(H))] 2%
Hn 1
P< 21?{;1612 ann+E[ } 3 + 2Ba,, -

The following lemma relates the covering numbers Na(e, F, 21.,) and Na(e, F, z(Hi.,)).

Lemma 3 (Covering Number). For any (z1,...,2n) € Z™, we have

Na(e, F,z(Hyp,)) < No <2;n 2(1- %) e, F, Zl:") :

Proof. Pick any function f : Z — R. Then Hsz(H ) can be bounded in terms of ||f||z,1 as follows:
E4 Lipim n

2

1,0 = 3| 30 S| < anzua

j 1|i€H; i€H

n

nl

5



Here we first applied Jensen’s inequality and then we used 2a, i, = n —|R| and that H C {1,...,n}.
Now consider f1, fo € F. Using the previous inequality and f; — fo = f1 — fo we get

_ - 2 .
15~ 2l < T 1= Sl

Jo(1— 1’1 _
Therefore any %5-00%& of F is an e-cover of F. O
We are ready to state the main result of this section, generalizing Theorem 2 of Kohler [16] and Theorem
19.3 of Gyorfi et al. [20] (quoted as Lemma 7 in the appendix) to the exponentially S-mixing stationary
stochastic processes.

Theorem 4 (Relative Deviation Concentration Inequality). Consider a Z-valued, stationary, B-mizing
sequence Z = (Zy)1=1,2,... and a permissible class F of real-valued functions f with domain Z. Let n € N,
and K1,Ky > 1, and choose n > 0 and 0 < ¢ < 1. Assume that the following conditions hold: For any
fer,

(C1) ||flleo < K1, (uniform boundedness)

(C2) E[f3(2)] < K:E[f(Z)]. (variance)

Further, consider the (an, tin)-independent blocks with the residual block R and assume that the following
also hold:

(C3) /nev/T—e/n > 576 (2K1a, V V20, K>) (small block-size)
(C4) % < g and [R| < 3, (small residual block)
(C5) Forallz,...,z, € Z and all § > "=,

tne(l —e)d /\/g
>
96v/2a,, (K, V 2K5)

1
3
log No (5%, F, 21 } du.
c(1_e)s |: g 2(2an7 ) l.n)
T6an (K1V 2K2)

(small metric entropy)

Then, there exists universal constants ci,co > 0 such that

: {Sup sl M) R ‘ > 5} < ¢y exp <_62M”an’7€2 (1-3e
fer

)
T +EZ) e ) + 2t

The constants can be set to ¢c; = 120 and ¢y = ﬁ

Note that in the metric entropy condition (C5) we use the covering numbers of F — unlike Kohler [16]
and Gyorfi et al. [20] who consider the covering numbers of a smaller subset of F. We chose to present a
simpler (weaker) result to simplify the presentation. The use of the peeling device in the proof of Theorem 5
obviates the need for a stronger result.

Proof. Introduce the independent blocks sequence {Z'(H;) : j = 1,...,u,} as defined in Section 2.2. By
construction and the stationarity of the process, £(Z'(H;)) = L(Z(H;)) = L(Z(H;)). Lemma 2 relates
the relative deviation of the original empirical process to the relative deviation of the independent blocks
process:

1YL, (%) —E[f(2)] = F(H)) —E [f(H))]
P{;?EE N+ E[f(2) ’”}QP{?EE ann + E [J(H))]

where we used (C1) and (C4) to verify the conditions of Lemma 2.

Since (f(H 7))jz, are ii.d., we can use Lemma 7 to analyze the concentration of the relative deviations
defined with the independent blocks, by choosing n of that theorem to be the number of independent blocks

tn and 1 to be a,n. Let us now verify the conditions of this theorem:

6

2
> 35} + 25(1"/1%7



(1) Condition (C1) implies that for any z, € Z% we have |f(z, )| < an,K;. Let K{ = a, K.
(2) Use Jensen’s inequality, the stationarity of the process, and (C2) to get E [F(HJ’)] =
E[(S0, /(2))°] < GE[f(20)] < @Ko [£(2) = anaB [F(H))]- Let K} = a, K

1=

(3) Condition (A3) of Lemma 7 translates into /unev/1 —e\/a,n > 288 (2K V /2K}) for 0 < e < 1 and
n>0. As |R| < %, therefore a,pu, > %, and this condition is satisfied whenever

\/55\/1—5\/772 576 (2K1an\/ 2anK2),
which is (C3).
(4) Condition (A4) of Lemma 7 requires that for all z(H1),...,2(Hy,) € 2% and all § > “21,

log N (u, B(F, 8), 2(Hi.p,))]® du, (5)

tne(l —e)d - /\/g
96v2 (K| Vv 2K3) —

e(1—€)s
16 (K1 v 2K})

where B(F,8) = {f € F : ;%n ?;lfQ(g(Hj)) < 168}. Since B(F,d) C F, we have

No (u, B(F,6),2(Hup,)) < Na (u, F, z(Hip,)). According to Lemma 3, the latter is bounded by

NQ(‘??ﬁag(HlZ/Ln)) S NQ (%in 2(1 - |7§)6,]~“,an> S NQ (227_/_",2’1:,”) .

Here the second inequality holds because |R| < %, which is satisfied by the second part of (C4).
Plugging in K| and K/, we get the following condition which is sufficient for (5):

V3 3
tne(l—€)d / [ ( u )] 2
> logNo | —, F, z1:n du
96\/§an(K1 V 2K2) - c(1-c)8 842 2ay, !

T6an, (K 1V 2K3)

which is in fact (C5).

Therefore the application of Lemma 2 and Lemma 7 leads to

1§ Z)—-E[f(Z nannie?(1— 2
P {oup [FEELIE BN, | ¢y (o tntnnil )
feF n+E [f(Z)} 128 x 2304 x (anKl V anKz)
which is the desired result. O

) + 284, tn ,

4. Analysis of Regularized Least-Squares Estimates

In this section we prove a high probability upper bound on the risk of regularized least-squares estima-
tor (2) with dependent data. Theorem 5 shows the dependence of the error on the number of samples n
and the capacity of the function space F in the asymptotic regime. The upper bound obtained is, up to a
logarithmic factor, the same as the one in the i.i.d. setting.

We make the following assumptions. As before X is a Polish space, F is a permissible class of real-
valued functions with domain X. The penalty J? : F — R is non-negative valued. For R > 0, we let
Br={f€F:J?(f) < R}

Assumption Al (Exponential Mixing) The process ((X;,Y;))i=1,2,... is an X X R-valued, stationary,
exponentially S-mixing stochastic process. In particular, the S-mixing coefficients satisty 8 < So exp(—pik),
where fy > 0 and 8; > 0.



Assumption A2 (Capacity) There exist C > 0 and 0 < « < 1 such that for any u, R > 0 and all
Ti1,...,T, €X,

R 2«
IOgNQ(u,BR,$1;n) <C <u) .
Assumption A3 (Boundedness) There exists 0 < L < oo such that the common distribution of Y; is
such that |Y;| < L almost surely.

Assumption A4 (Realizability) The regression function m(x) = E [Y7]|X; = z] belongs to the function
space F.

Before stating the main result, we would like to remark about our assumptions.

Remark 1. If the mixing rate of the process is slower (e.g., 8, = O(k=?) for 3 > 0), we may still have con-
sistent estimators that satisfy a behavior such as lim,,—,oc E[£(m,,,)] — 0 (or stronger), where L(m,m,,)
is defined in (1). The rate of convergence, however, might be slower than what we obtain in Theorem 5.
Remark 2. The capacity Assumption A2 is mild, at least when X C R? for some d € N and || X;|| is bounded
almost surely. For instance, Theorem 4 of Zhou [21] shows its validity for a large class of RKHS with
sufficiently smooth kernel functions. The reader is referred to Lemmas 20.4, 20.6 of Gyorfi et al. [20], Zhou
[22, 21], van de Geer [18], and the discussion on pp. 226-279 of Steinwart and Christmann [15] for some
more examples.

Remark 3. We define the approximation error arising from restricting the estimators to F by

a(m; F) = }Ielg__ﬁ(m, 1.

When X; € R?, || X;|| and |Y;| are bounded a.s., and F is a Sobolev-space then a(m, F) = 0 (cf. Theorem 20.4
of Gyorfi et al. [20]). Therefore, a proper choice of regularization coefficient leads to a universally consistent
procedure. On the other hand when F is “smaller”, a(m;F) might be positive. In this case let m' be the
minimizer of £(m; f) over F, which we assume to exist for a moment. A simple calculation gives

L(m,my,) < 2[a(m; F) + L(m',m,)].

When the approximation error exists, the result of Theorem 5 can be shown to hold for the second term in the
right-hand side (RHS), the so-called estimation error. Results regarding the behavior of the approximation
error a(m; F) for “small” RKHSs are discussed, e.g., by Smale and Zhou [23]. Also it is notable that model
selection procedures can be used to balance the estimation and approximation errors and consequently to
lead to adaptive procedures with close to optimal learning rates, see e.g., Kohler et al. [24]. The detail of
the way model selection should be implemented and analyzed, however, is outside the scope of this paper.

The main result of this work is as follows.

1
Theorem 5. Let Assumptions A1-A/ hold. Define the estimate 1, by (2) with A, = {m%(m)} " There

exists constants ci,co > 0, where ¢; depends only on L and cy depends only on L and By, such that for any
fited 0 < § <1 and n sufficiently large,

1

3
Clm i) < o [72(n) 7 vt 2522l

A

holds with probability at least 1 — 0. In particular, when o = 0, the above bound holds for n > c3 exp(f31),
while in the case of a > 0 it holds when n > cgexp(B1) V 1/J%(m) and

1 (04 log(n V ¢ /9)
n A

445
a

) =), (6)

where c3,cq4 > 0 depends only on L.



This theorem indicates that (disregarding the logarithmic term) the asymptotic convergence rate is

O(n_ﬁ). This is notable because it is known to be the optimal minimax rate for the i.i.d. samples under
the assumption that m € F and F has a packing entropy in the same form as in the upper bound of
Assumption A2 [25]. Note that the choice of A, in the theorem depends on both « and J(m), which might
be unknown in practice. One can use a model selection procedure to adaptively select parameters so that
the estimator achieves a rate almost as fast as the rate based on the unknown parameters of the problem.
For an example of such a procedure for the i.i.d. input, refer to Kohler et al. [24]. Let us now turn to the
proof.

Proof. The proof, which is similar in spirit to that of Theorem 21.1 of Gyorfi et al. [20], consists of the
following main steps:

e Decompose the error into two terms T; ,, and T4, that will be defined shortly. [Step 1]
e Use the minimizer property of the empirical risk minimizer to control T3 ,,. [Step 2]

o Analyze Ty ,,: Apply the peeling device [Step 3], then introduce peeling-dependent IBs [Step 4]. After-
wards use the relative deviation concentration inequality of Theorem 4 to arrive at a high probability
upper bound on T3 ,,. [Step 5]

e Optimize the upper bound. [Step 6]

Without loss of generality in what follows we shall assume that L > 1. Let us now carry out the steps of
the proof.
Step 1. Define the following error decomposition:

/X 1, (2) — m(z)|*p(de) = E [|imn(X) = Y*ID,] —E [[m(X) = Y] = Thn + Toon,

where

Step 2. The minimizer property of m,, and the fact that for any v € R, if |Y| < L, then [Tru—Y| < [u—Y|
imply that

n

1 1
5110 < =) [l (X0) = Yil® = [m(X;) = Yil*] + X J? (1)

)

< =37 [ImX) = Yif? = [m(X,) = Yif2] + A ?(m) = A, T (m).
i=1

Therefore
Ty < 20\, J%(m). (7)

Step 3. Fix any number t satisfying

s|=



Our goal now is to study P{T%, > t}. We have

P{Ty, >t} = IP’{Q(E (1700 (X) = Y D] — E [jm(X) = YI2] ) - % > [l (X5) = Yif? = Im(x2) - iP’

>+ 2X0, % (1) + E [|ri,(X) = Y*|Dy] — E [[m(X) — Y|?] }

Let z = (x,y) and define the following class of function spaces for [ = 0,1, --:

n

!
G & {9 X XR = R:g(z) =T f(x) — TLZ/\2 — |m(z) _TLy|2’f €7 Jz(f) = it}

Note that functions in G satisfy ||g|lec < K1 = 4L%. Applying the peeling device, we get

Elg(2)] — 5 X1 9(Z:) 1}.

P{Ty, >t} <SP -
“”Z;{ESGL WrEg(Z)] 2

(9)

We now bound each term with the help of Theorem 4. For this, we shall choose an IB sequence tuned

separately to each value of [.
Step 4. Fix some value of [ € Ny. Let the block size and the number of blocks be defined by

an,| = La%,lJ and Hn,l = { n J ) (10)

2an7l

where
n nl=7

/
a - =
2a;,,  2t7(2H)p

n,l —

(nt)(2)” and 4, =

The values of v, p > 0 will be specified later.

Note that by the assumptions ¢ > % and p,y > 0, we have a,,; > 1. Let R; be the residual block in
the (an1, tin,1)-partitioning of {1,2,...,n}. The block size a,, ;, the number of blocks p, ;, and the residual
block size |R;| have the following simple properties that will be used later:

n—|Ri| = 2an1png <15 Ryl < 2an15 i < fini-

Let us show that if n and [ are sufficiently large (and if v, p satisfy certain properties) then the summands
in (9) will be zero. We first claim that if

AnK; < (aj,)"/? and (11)
Y<p (12)

hold then H9Zs 201920 < 1 ydeed,

2Tt+E[g(2)] 2
Elg(2)] - 3 Xisa9(Z) _ 2K,
2+ E[g(2)] - 2

Using (8) and (12), we get a;, ; = (nt)7(2HP < (nt-24)P, which is equivalent to 2't > n_l(a;)l)l/f’. Combining
this with (11) gives the desired statement. Now, it is easy to see that (11) follows from

1
p g > g, and (14)
n>c 24 x 8 x Ky >475 875 K[ 7. (15)

10



From now on we will assume that in addition to (8), the constraints (12), (13), and (15) hold too. Under
these conditions it suffices to study the case when [ is such that a,; < n/8.
Step 5. The following proposition, proven in the appendix, holds:

Proposition 6. Consider | such that an; < 5. In addition, assume that

1
O<y<p< ——. 16
T<P< 54 (16)

Then, there exists constants c3,cq > 1 and c5 > 0, which depend only on L, such that for any

RN S 1 c
t>elE - 4 (17)
N, -7+ n

we have

E[g(2)] — 130 9(Z) 1} pl 2!
P n Li= > = bL<q90 e LT ) 980
{fﬁé’l 2 E9(2)] gy e me Banibin

We apply this proposition to the terms of the RHS of (9) when [ is such that a,; < n/8. With the
notation of the proposition, we get that under (8), (15), (16), and (17)

1 lt2l
P{Ty, >t} < Z 120 exp | —ecs n’T +2Ba, , fin,l

{lENg:anﬁl<§}

2 t2l
< > [120exp (—«% M"jl + 284, Hni | -

IS\

Fix some [ > 0. Our purpose now is to bound B, ,fin,;. By Assumption A1,

Ban,z,un,l < BO eXp(_Blan,l + log Mn,l) .
Thus, whenever

logpiny _ 1
Blan,l 2
holds, we will have 28, ,tn; < 2Bo exp(—%an’l) < ¢q exp(—%a;ﬂ), where cg = 25 exp(él). Using
a’w < 2an1, png < n, and the definition of a;,l, we can see that (18) is satisfied whenever

1

4 ¥
(E log n)

t> - (19)
Then,
M% l t2! B
P{T5, >t} < Z crexp | —cs T + C6 €xXp (—2%71)
1>0
< Z [07 exp (—es(nt)'=27(2H)172P) + cg exp (%(nt)W(Ql)pﬂ
1>0
< ¢g exp (—cs(nt)k%) + ¢19 exp (—01151 (nt)”) . (20)

11



Fix some 0 < 6 < 1. Inverting (20) gives that if ¢ satisfies (8), (17) and (19) and if (15) and (16) hold as

well then ) .
1 2c10 ¥ 1 2co 1-2v
1y, < L [(e G (e ()
n e Cs
holds with probability 1 — §.

Step 6. Combining the results of the previous steps, we find that under (15) and (16),

[1ivn () = m(@) ] u(da) = Ty + Tom

x
1 1 1 1 (21)
L L S Y
§2)\nJ2(m)+ 2 _ + B1 0 + B1 +( 5 6) +£
N\, T n n n n
holds with probability at least 1 — §, where we redefined the values of co, ..., cg,c7 > 1 in a suitable manner

(Note that the values of the constants cs, ..., cs depend still only on L, while ¢; depends only on L and Bp).

Let us assume that 0 < v < % < 2ia' In this range of v, as n gets large the third term of the RHS
of (21) dominates the last two terms. Thus, we only need to deal with the first four terms. One can see
that the choice of A, which minimizes the sum of these terms (disregarding the constants) is

1—y(24a)
‘o 1 T ta)ta 2)
" nJ2(m) ’ (

which makes the sum of the first two terms proportional to

a o B
)\nJQ(m) _ [nJQ(m)]l—'y(2+a)+a _ eT-72+a)+a 7

n n

for B = log(nJ?(m)). On the other hand, the sum of the third and fourth terms of (21) is upper bounded
61/7, where A = log(% log(ez/ V n)).

To choose the value of v, we separate two cases depending on whether « is positive or zero. First, let us
con51der the case when o = 0. Then, A, J?(m) = +. As a result, the best choice for 7 in the range (0, ] is
v = %, since A/~ is decreasing in 7. Whenever A > 0 (i.e. 1og(07/6 V' n) > B1/cg), this choice makes the

by a constant multiple of

dominating term of the bound to be eA/V/n = (M) /m. A suitable choice for p is p = % Note
B1

1

1 -
that ¢y "™ =¢,” ® = 3. Whenever n > 21°L2, the constraint (15) is satisfied. Since the loss function is

bounded, this condition can be absorbed in the constants. This finishes the proof of this case.
Consider now the case of a > 0. The choice of v, which unconditionally minimizes

1 o
_ (eA/’Y + 61—7(2+a)+o¢B)
n

is given by the solution to A/y = B. Solving this for v, we get

@«
1—vy(24+a)+a

_ (1+a)A (23)
24+ a)A+aB’

We will argue below that for n large enough, the chosen value satisfies v < % (and in fact v < %) Thus,

with this choice, the order of the terms under investigation becomes

24a
24a

a [ 1 T+o
leA/’Y = % (eB)m (eA) I+a — J2( )1+an71+7'1 (ES IOg(TL\/C7/(S)> . (24)
1

n

12



Let us now show that for n large enough, we have v < % < % Indeed, as n gets large, A = O(loglogn)
and B = O(logn). Hence, v — 0. In fact, a simple calculation gives that 1/6 > ~ will be satisfied as
long as n is large enough so that (6) holds. Moreover, v > 0 when A, B > 0, which are satisfied for
n > exp(f31/cg) V 1/J?(m). Note that any choice of p such that 0 < v < p < 2_%& satisfies all conditions and

5(2+a)
only affects the constants. To satisfy (15), it is sufficient to have n > 2 1+~ L2. Again this condition can

1
be absorbed in the constants. When v < %, we have m < 2. Thus, c21*w(42+a) < ¢2. This finishes the

proof. O

5. Conclusions

Theorem 5 indicates that, disregarding a logarithmic factor, the rate of convergence of regularized least-
squares estimates with the exponential S-mixing covariates is asymptotically the same as the minimax rate
available for the i.i.d. scenario. Thus the exponential S-mixing dependence considered in this paper has little
effect on the efficiency of learning. It would be interesting to study this effect more closely. In particular, how
far is the dependence of our bound on the rate of the S-mixing coefficients from being optimal? Another
interesting issue is to design a model selection procedure with dependent inputs that achieves minimax
optimal rates, e.g., along the lines of the work of Kohler et al. [24]. For some steps towards this direction
see the papers by [26, 27]. Finally, it remains an interesting question of how much the dependence concepts
can be relaxed while retaining the optimal minimax rates available for the i.i.d. inputs.

Appendix A.

In this section we prove Proposition 6, which was used in the proof of Theorem 5. For the convenience
of the reader, we also quote Theorem 19.3 of Gyérfi et al. [20], which is essentially the same as Theorem 2
of Kohler [16] with some differences in constants.

Proof of Proposition 6. We verify the conditions of Theorem 4 for the choice of € = % and 1 = 2.
(C1)—(C2): Tt is easy to see that these conditions are satisfied with K; = 4L% and Ky = 16L? (See Gyorfi
et al. [20, p. 438]).

(C3): Since by assumption L? > 1, hence Gy, > 1 implies that 2K a,,; > \/2ay,K2. Therefore it is enough
to verify that \/nev1—e/n > 1152 K1a,,;. As a,; < a;lyl, it suffices to verify this condition with a,

replaced by a;, ;. Plugging-in the definition of ay, ;, we get that (C3) is satisfied when ¢ > % for some ¢} >0
dependent only on L.

(C4): Let us first verify @ < & By construction, [Ry| < 2a,; < 2a;,;. Therefore, it suffices if
za:’l < % Using the conditions on v, p, we get that this is satisfied when ¢ > 2 with some ¢} > 0,

dependent only on L.
Let us now verify |R;| < 5. By assumption, we have a,; < § and by construction we have IRi| < 2an.4,
thus, [Ry| < %.

(C5): We need to verify that for all zq,...,2, € Z=X xR and all § > %,

i1l —¢g)d Vo '
1% R ( ) Z / |:10gN2 (U,Gl,zl:n>:| du
96\/§an’l (Kl V 2K2) % 2@n,l

Let 2z, = (z¢,y1), v € X, yy € R. It can be shown that Na(u, G, 21:n) < Na(5%, Fi, T1n), where Fy =
{TLf eF:JNf) < %t} (see Gyorfi et al. [20, p. 438]). Noting that p,,; > p7, ;, clearly it suffices to show

m5<1_5)5 )2/0\/3 [log/\/g <“,J-"l,x1m)rdu. (A1)

96v2a,; (K, V 2K, 8Layn,
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Since F; C {f eF : Jf) < } Assumption A2 indicates that

. 2a
8L an /3t
<C

g ) o [P

therefore the RHS of (A.1) is upper bounded by c3ay; (&) % 53 for some constant ¢4 > 0, which depends

only on L. Now to verify (C5), it is sufficient to prove that for § > 2 m" L

\/ Hna0 2N\ ? e
" zcﬁl(an,l)o‘() 55

An

1+a

. . . .- . . a,
After some manipulation we see that this condition is satisfied whenever ¢ > CgW
n,l n

c5 > 0. Using ag, ; > an, py,; = #;l, and a;, ; = (nt)7(2Y)P, we get that it suffices to have

for a suitably chosen

, [(nt)7(25)P)2He 1
R e E—
n2'Ag n LT (21) T
1
where ¢, = (¢f)™ @+ and we used the assumption that v < ﬁ For v < p < ﬁ, the value of
1-p(2ta)
(257 3@Fe is a non- decreasing function of I, so the metric entropy condition (C5) is satisfied if
, 1
t>cy = .
= (2Fa)
n

By taking c3 = ¢ and ¢4 = ¢ V ¢, all the conditions of the Theorem 4 are satisfied. Therefore,

E(9(Z)] - 5 Xisi9(Zi) _ 1 2,2 (5)° (1-2-19)
P{fg& 2t 1 E[g(2)] ” 2} < 120exp <_ PEE 1152 (4L §2n 2P pin

which we benefitted from the fact that for L > 1, we have a Kl > a1 K2 in addition to ap ipin,; < 5. This
is the desired result after absorbing all constants into c5 > O O

Lemma 7 (Theorem 19.3 of Gyérfi et al. [20]). Let Z,Zy, -+, Z, be independent and identically distributed
random variables with values in Z. Let K1, Ko > 1, 0<e <1, 17> 0, and let F be a permissible class of
functions f : Z — R with the following properties:

(A1) ||fll < Ky,

(A2) E[f(Z)?] < K2E[f(2)],

(A3) /ne/1 —e\/n > 288 max{2K,,v/2K,},

(A4) For all z1, -+ ,z, € Z and all § > n/8,

1/2

Vne(l —g)d Ve l" 5
96v/3 max{ K1, 2K, > / s |}0gN§ <U7{f e F: - ;f (z) < 160}, 21 du.

T6 max{K1,2K3)

Then,

Ef(2)] - 5 X f(Z)] nne*(l—e)
P{;gg 17+E[f(Z)]1 Z e = 00exp <_128><2304max{Kf,K2}>'

14



[1] P. Doukhan, Mixing: Properties and Examples, vol. 85 of Lecture Notes in Statistics, Springer-Verlag, Berlin, 1994. 1
[2] B. Yu, Rates of Convergence for Empirical Processes of Stationary Mixing Sequences, The Annals of Probability 22 (1)
(1994) 94-116. 1, 2, 4
[3] M. Vidyasagar, A Theory of Learning and Generalization: With Applications to Neural Networks, Springer-Verlag New
York, Inc., Secaucus, NJ, USA, second edn., ISBN 1852333731, 2002. 1
[4] A. Mokkadem, Mixing Properties of ARMA Processes, Stochastic Processes and their Applications 29 (2) (1988) 309 —
315. 1
[5] M. Vidyasagar, R. L. Karandikar, A Learning Theory Approach to System Identification and Stochastic Adaptive Control,
Journal of Process Control 18 (3—4) (2008) 421 — 430. 1
[6] R. C. Bradley, Basic Properties of Strong Mixing Conditions. A Survey and Some Open Questions, Probability Surveys 2
(2005) 107-44. 1
[7] Y.-L. Xu, D.-R. Chen, Learning Rates of Regularized Regression for Exponentially Strongly Mixing Sequence, Journal of
Statistical Planning and Inference 138 (7) (2008) 2180-2189. 1, 2
[8] I. Steinwart, D. Hush, C. Scovel, Learning from Dependent Observations, Journal of Multivariate Analysis 100 (1) (2009)
175-194. 1
[9] H. Sun, Q. Wu, Regularized Least Square Regression with Dependent Samples, Advances in Computational Mathematics
32 (2010) 175-189. 2
[10] M. Mohri, A. Rostamizadeh, Stability Bounds for Stationary ¢-mixing and S-mixing Processes, Journal of Machine
Learning Research 11 (2010) 789-814, ISSN 1532-4435. 2
[11] G. Wahba, Spline Models for Observational Data, SIAM [Society for Industrial and Applied Mathematics], 1990. 2
[12] B. Scholkopf, R. Herbrich, A. J. Smola, A Generalized Representer Theorem, in: COLT ’01/EuroCOLT ’01: Proceedings
of the 14th Annual Conference on Computational Learning Theory and and 5th European Conference on Computational
Learning Theory, Springer-Verlag, 416-426, 2001. 2
[13] B. Scholkopf, A. J. Smola, Learning with Kernels, MIT Press, Cambridge, MA, 2002. 2
[14] J. Shawe-Taylor, N. Cristianini, Kernel Methods for Pattern Analysis, Cambridge University Press, Cambridge, UK, 2004.
2
[15] I. Steinwart, A. Christmann, Support Vector Machines, Springer, 2008. 2, 8
[16] M. Kohler, Inequalities for Uniform Deviations of Averages from Expectations with Applications to Nonparametric Re-
gression, Journal of Statistical Planning and Inference 89 (2000) 1-23. 2, 4, 6, 13
[17] S. N. Bernstein, Sur I’extension du théoréme limite du calcul des probabilités aux sommes de quantités dépendantes,
Mathematische Annalen 97 (1927) 1-59. 2
[18] S. A. van de Geer, Empirical Processes in M-Estimation, Cambridge University Press, 2000. 2, 8
[19] D. Pollard, Convergence of Stochastic Processes, Springer Verlag, New York, 1984. 4
[20] L. Gyorfi, M. Kohler, A. Krzyzak, H. Walk, A Distribution-Free Theory of Nonparametric Regression, Springer Verlag,
New York, 2002. 4, 6, 8, 9, 13, 14
[21] D.-X. Zhou, Capacity of Reproducing Kernel Spaces in Learning Theory, IEEE Transactions on Information Theory 49
(2003) 1743-1752. 8
[22] D.-X. Zhou, The Covering Number in Learning Theory, Journal of Complexity 18 (3) (2002) 739-767. 8
[23] S. Smale, D.-X. Zhou, Estimating the Approximation Error in Learning Theory, Analysis and Applications 1 (1) (2003)
17-41. 8
[24] M. Kohler, A. Krzyzzk, D. Schéfer, Application of Structural Risk Minimization to Multivariate Smoothing Spline Re-
gression Estimates, Bernoulli 8 (4) (2002) 475—489. 8, 9, 13
[25] Y. Yang, A. R. Barron, Information-Theoretic Determination of Minimax Rates of Convergence, The Annals of Statistics
27 (5) (1999) 1564-1599. 9
[26] R. Meir, Nonparametric Time Series Prediction Through Adaptive Model Selection, Machine Learning 39 (1) (2000) 5-34.
13
[27] D.S. Modha, E. Masry, Memory-Universal Prediction of Stationary Random Processes, IEEE Transactions on Information
Theory 44 (1) (1998) 117-133. 13

15



