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estimate when selecting center Xi is also denoted by
d̂(Xi).

When used at a single random data point, the variance
of the estimate will be high and due to k ! n the
available data is used in a highly inefficient manner.
One idea is to compute the estimate at all data points
and combine the results. The simplest method is to
use averaging:

d̂avg =
[Pn

i=1(d̂(Xi)∧D)
n

]
. (4)

Here a ∧ b = min(a, b) and [x] denotes the rounded
value of x (recall that the estimated dimension is a
positive integer number smaller than or equal to D).
Another option is to let the estimates vote:

d̂vote = arg max
d′∈N+

∑n
i=1 I{d̂(Xi)=d′}. (5)

Here N+ stands for the set of positive integers.

3. Main Results

The purpose of this section is to show that the pro-
cedure described in the previous section is manifold-
adaptive. Let ηmin = infx∈M η(x, 0). In what follows
we will assume that the following holds:

Assumption 1. (1) The constant ηmin is positive. (2)
For any point x ∈ M , η(x, r) as a function of r is
continuous and differentiable at any r > 0 and right-
differentiable at r = 0. (3) There exists a positive
number B′, such that for any (x, r) ∈ M × [0, r0),
| ∂
∂r η(x, r)| ≤ B′η(x, r).4(4) There exist r0 > 0 and

B > 0 such that η satisfies |η(x, r) − η(x, 0)| ≤
Bη(x, 0)r, where (x, r) ∈M × [0, r0) is arbitrary.

Since ηmin > 0, the manifold has to be bounded.
Thus the first condition on the partial derivative of
η implies the second relative Lipschitzness condition
when η satisfies some additional smoothness assump-
tions. Assumption 1 is not very restrictive: All it
says is that the sampling distribution should be well-
behaving in the sense that it should not change too
fast. This assumption is satisfied e.g. if η is uniform
on M and if M is sufficiently regular. Define η(x, r) =
min{η(x, r′) | 0 ≤ r′ ≤ r}. From the above assump-
tion, it is easy to see that η(x, r) ≥ η(x, 0)(1 − Br)
holds for any 0 ≤ r < r0 < 1 and x ∈M .

The following theorem is the main result of the paper:

Theorem 1. Consider the estimate d̂(X1). Then un-
der Assumption 1 provided that n ≥ ck2d, with proba-

4For r = 0 we take the right-sided derivative of η here.

bility at least 1− δ

|d̂(X1)− d| ≤ E [C(X1)] d

(
B

(
k

n

) 1
d

+

√
ln(4/δ)

k

)
,

(6)
where C(x) = C ′((ηmin)− 1

d ∧ η(x, 0)− 1
d ( 1

2 + 2 1
d )) + C ′′

and where C ′ and C ′′ are universal constants that do
not depend on d, D, k, n, δ and the distribution of
X1.

As promised, the proposed method is manifold-
adaptive: the estimate’s convergence rate only de-
pends on the intrinsic dimension of the manifold and
not the embedding space dimension RD.

The first term of (6) bounds the bias of the estimate.
By making k small, the bias can be held small. How-
ever, a small k makes the second term, which bounds
the variance, large. The choice of k that optimizes the
bound is k = n2/(2+d), giving rise to the rate n−1/(2+d).
Since d is not available, we may e.g. choose k = n1/2

giving the rate O(n− 1
2d∧

1
4 ).

Since d is discrete valued when the upper bound of the
left-hand-side of (6) becomes smaller than 1/2, then
by rounding the estimate, d̂(X1), we get d. This gives
rise to the following corollary:

Corollary 2. Assume that the conditions of Theo-
rem 1 are satisfied and k/n < (2Bcd)−d, where c =
E [C(X1)]. Then

P
(
[d̂(X1)] (= d

)
≤ 4 exp

(
−k

(
1

2cd −B
(

k
n

) 1
d

)2
)

.

(7)

Although the probability of error decays exponentially
fast, the result is only valid (just like the previous re-
sult) when the number of samples is large. The expo-
nential behavior of this condition in d is because the
algorithm uses estimates of balls volume of radii r and
r/2 with small r: In d dimensions, if we have less than
(1/r)d uniform random points in a unit cube centered
around the origin, the expected number of points in
the ball B(0, r) is smaller than one. Thus we need at
least (2/r)d > 2d points if we want to have at least one
point inside the radius r/2 ball. Also the factor (1/d)
is the result of the unevenness of the data distribution.

Now, let us consider the global estimates d̂avg and
d̂vote. Using McDiarmid’s version of the Hoeffding-
Azuma inequality (McDiarmid, 1989; Hoeffding, 1963;
Azuma, 1967) and a counting argument relying on the
covering of the manifold by cones (essentially adopting
the argument of Stone (1977) to manifolds) and under
very weak assumptions on the manifold both estimates
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can be shown to enjoy exponentially fast rates5 . In
particular, for some universal constants c, c′, c′′ > 0,
we have

P
(
d̂vote (= d

)
≤ e

− c′n
(cd k)2 , (8)

P
(
d̂avg (= d

)
≤ e

− c′′n
(Dcd k)2 . (9)

From these bounds we can conclude that voting should
be preferred since in the case of the averaging bound
the rate of convergence depends on D (though only
in a very mild, polynomial way). However, our ex-
perimental results seems to suggest that the estimate
for the averaging method is probably too conservative
as it tends to produce better results than voting, at
least for the particular dataset and choice of parame-
ters that we considered.

Due to the lack of space the proof of this statement is
deferred to the full version of this paper, but the proof
of Theorem 1 which is the key to this proof as well is
given in the next section.

4. Proofs

Theorem 1 is proven in a series of lemmas. First, let
us remark that due to the independence of samples,
it suffices to show the result for any deterministically
selected point x ∈ M . Hence, in what follows we will
consider this case. For the sake of brevity we shall sup-
press the dependence on x in the rest of this section.

Let p = k/n. By the triangle inequality,

|d− d̂| ≤ |d− d(p)| + |d(p)− d̂|. (10)

Here d(p) is defined by

d(p) =
ln 2

ln(rp/rp/2)
. (11)

By (2), if η(x, rp) = η(x, rp/2) were hold true then
d(p) = d would hold. Hence, the source of the error
|d − d(p)| is the change in η in the neighborhood of
x. By Assumption 1 on η, we can make this error
controllable.

The following statement follows by elementary consid-
erations (the proofs of these lemmas are given in the
appendix):
Lemma 1. |d − d(p)| ≤ CBdrp provided that rp <
(0.2/B) ∧ r0. Here C ≤ 8 is a universal constant.

It is easy to see that rp ≤ (ηmin)−1/d(k/n)1/d. When
the density is non-uniform this estimate might be very

5Bounded curvatures and that the manifold is not self-
approaching are the main assumptions.

conservative. We prefer a bound that depends on the
properties of the density in the vicinity of x. Using
the observation stated after Assumption 1, we get the
following result:
Lemma 2. Assume that Brp < (0.5 ∧ r0). Then

rp ≤ ((ηmin)−
1
d ∧ η(x, 0)−

1
d ( 1

2 + 2
1
d ))

(
k

n

) 1
d

.

Chaining the inequalities of Lemma 1 and Lemma 2
we get that |d − d(p)| ≤ CdBrp ≤ C((ηmin)− 1

d ∧
η(x, 0)− 1

d ( 1
2 + 2 1

d ))Bd
(

k
n

) 1
d .

The second term of (10), |d(p) − d̂|, is bounded by
relating it to the relative errors of estimating rp by
r̂(k) (and rp/2 by r̂(%k/2&)).
Lemma 3. If d(p)′ is defined by d(p)′ =
ln(2)/ ln(r′p/r′p/2) for some positive quantities r′p and
r′p/2 then for

α = max

(∣∣∣∣
r′p
rp
− 1

∣∣∣∣ ,

∣∣∣∣∣
r′p/2

rp/2
− 1

∣∣∣∣∣

)
,

|d(p)− d(p)′| ≤ Cd2α (12)
provided that α ≤ c/d and rp < (0.2/B) ∧ r0, where c
is a fixed universal constant.

Again, the proof of this lemma uses elementary anal-
ysis. By this lemma, in order to get a bound on
|d(p)− d̂|, we need to analyze the relative error of es-
timating rp by r̂(k). We get the following lemma by
using Assumption 1.
Lemma 4. Assume that rp < (4B′)−1 ∧ r0 and α ≤
1/(4(d + 1)). Then

P
(
r̂(k) ≤ rp(1− α)

)
≤ exp(−C1kα2(d− 1

4 )2) (13)

P
(
r̂(k) ≥ rp(1 + α)

)
≤ exp(−C2kα2(d− 1

4 )2) (14)

where C1 = 3
8 (1− d−2

4(d+1) )(1−
3

16(d+1) ), C2 = 3e−1/4

8 (1−
1

8(d+1) )(1−
1

16(d+1)(d−1/4) )
2.

The proof of this lemma relies on Bernstein’s inequal-
ity. According to these bounds, with probability at
least 1− δ,

max
{∣∣∣∣

r̂(k)

rp
− 1

∣∣∣∣ ,

∣∣∣∣
r̂(%k/2&)

rp/2
− 1

∣∣∣∣

}
≤ C3

1
d

√
ln(4/δ)

k

with a suitable universal constant C3. Hence,

|d− d̂| ≤ C(x)d

(
B

(
k

n

) 1
d

+

√
ln(4/δ)

k

)

holds with probability at least 1−δ, which proves The-
orem 1.


